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Abstract. We study systems involving vector bundles and loga- 
rithmic connections on Riemann surfaces and linear algebra data 
linking their residues. This generalizes representations of deformed 
preprojective algebras. Our main result is the existence of a mon- 
odromy functor from such systems to representations of a multi- 
plicative preprojective algebra. As a corollary, we prove that the 
multiplicative preprojective algebra associated to a Dynkin quiver 
is isomorphic to the usual preprojective algebra. 



1. Introduction 

In this paper we consider systems of vector bundles and logarith- 
mic connections on Riemann surfaces, combined with a certain linking 
between them which involves the residues of the connections. The 
configuration is described by specifying both a quiver and a Riemann 
surface with finitely many connected components. 

Our main result is the existence of a monodromy functor which, in 
case the Riemann surface is compact, gives an equivalence between a 
category of such systems and a category of representations of a multi- 
plicative preprojective algebra, in the sense of [5J. 

In previous work (see [I] for a survey) we used deformed prepro- 
jective algebras, multiplicative preprojective algebras and monodromy 
to study questions about the existence of tuples of square matrices in 
prescribed conjugacy classes whose sum is zero or whose product is the 
identity. In that work the quiver was taken to be star-shaped, and the 
restriction of a representation to each arm of the star fixed one of the 
matrices. This paper generalizes some of that work, and provides a 
more natural setting, as it enables one apply monodromy in a quiver 
setting, without having to pass to and from tuples of matrices. 

As an application, we prove that the multiplicative preprojective 
algebra A X (Q) associated to a Dynkin quiver is isomorphic to the usual 
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preprojective algebra H(Q), answering a question of Shaw [9]. We also 
give an interpretation of this as a special case of Hilbert's 21st problem. 

The structure of the paper is as follows. In section [2] we introduce the 
notion of a 'Riemann surface quiver', which combines a quiver with a 
Riemann surface, and we also introduce 'vector bundle representations'. 
In section [3] we introduce the idea of a 'A-connection system' on a 
vector bundle representation, combining a logarithmic connection with 
linear algebra data linking its residues. In section H] we prove a 'Lifting 
Theorem', which gives a criterion for the existence of A-connection 
systems, and in section Owe discuss the 'Monodromy Theorem', giving 
the existence of a monodromy functor; the proof uses two lemmas, 
which are given in sections |6] and [7J In section [8] we identify the target 
of the monodromy functor in the compact case with a category of 
representations of a multiplicative preprojective algebra. Finally, we 
address Shaw's question and Hilbert's 21st problem in section [9j 

I would like to thank R. Bielawski and T. Hausel for suggesting that 
the constructions in this paper might be considered in the context of 
torsion-free sheaves on a singular curve. I hope to return to this in 
another paper. 

2. Vector bundle representations 

By a Riemann surface quiver F we mean a quiver whose set of ver- 
tices has the structure of a Riemann surface X, not necessarily con- 
nected, but with only finitely many connected components. We assume 
in addition that T has only finitely many arrows. We say that T is 
compact if X is compact, and that T is of ¥ 1 -type if each connected 
component is a copy of the Riemann sphere P 1 . 

By a marked point, we mean a point of the Riemann surface which 
occurs as a head or tail of an arrow. We say that V has non-interfering 
arrows provided that each point of the Riemann surface occurs at most 
once as the head or tail of an arrow, so that if there are n arrows, then 
there are exactly In marked points. 

Let Xi (i e /) be the connected components of X, for a suitable 
finite indexing set /. Given p e X we denote by [p] the index of the 
connected component containing p. We define the component quiver [T] 
of T to be the quiver with vertex set / and with an arrow [a] : [p] — > [q] 
for each arrow a : p — > q in T. 

By a vector bundle representation of a Riemann surface quiver T we 
mean a representation of the quiver such that the vector spaces at each 
vertex form the fibres of a (holomorphic) vector bundle. Equivalently 
it is a collection E = (E, E a ) consisting of a vector bundle E over X 
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and linear maps E a : E p — > E q for each arrow a : p — > q in T. Here E p 
denotes the fibre of E at p. Note that specifying the vector bundle E 
over X is equivalent to specifying a vector bundle E { on each JQ, and 
so we can also consider a vector bundle system as a collection (E^, i? a ). 
We do not require the to all have the same rank, and define the 
dimension vector of E to be the vector in whose ith component is 
ranki^. If Y is compact, the degree of E is degE = ^2 ieI deg Ei. 

There is a natural category Vr of vector bundle representations of 
T, in which a homomorphism 9 from E = (E, E a ) to E' = (£", E' a ) is a 
vector bundle homomorphism 9 : E — > E' (or equivalently a collection 
of vector bundle homomorphisms 0j : i?j — » with the property that 
^ 9 -E Q = E' a 9 p for each arrow a : p — > g. This is clearly an additive 
category over C with split idempotents. If T is compact it has finite- 
dimensional homomorphism spaces. 

We say that a vector bundle representation E is vb-trivial if the 
bundles Ei are trivial vector bundles (of some rank) for all %. If T is 
compact then the category of trivial vector bundles on X$ is equivalent 
to the category of vector spaces, and hence the category of vb-trivial 
vector bundle representations of T is equivalent to the category of rep- 
resentations of the component quiver. 

3. Connections 

Henceforth we fix a Riemann surface quiver T with underlying Rie- 
mann surface X. Let D be the set of marked points of X. We fix a 
collection of scalars A = (Xp) P eD eC D . Let Di = D n X u and define 

By a A- connection system on a vector bundle representation E of T, 
we mean a collection V = (V, V ) consisting of a connection V : E — > 
Q^ilog D)®E on E, holomorphic except possibly for logarithmic poles 
on D (or equivalently a connection Vj on each E^, and linear maps 
V ' a : E q — >■ E p for each arrow a : p — > q in T, satisfying 

Res p V-A p l£ p = ^ V a £ a - ^ E a V a 

t(a)=p h(a)=p 

for points p E D. If the Riemann surface quiver has non-interfering 
arrows we can rewrite this as 

Resp V - X p l Ep = y a E a and Res, V - \ q l Eq = ~E a V a 

for each arrow a : p — > q in V. 

We denote by CV,a the category whose objects are pairs (E, V), con- 
sisting of a vector bundle representation E of Y and a A-connection 
system V on E, and in which a morphism from (E. V) to (E',V) is 
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by definition a morphism of vector bundle representations 6 : E — >• E' 
with the property that the square 

E — n 1 x {\ogD)®E 

me 

E' — ^(logD) ® 

commutes and # p V a = for each arrow a : p — > q in T. Note the 

following interpretation in terms of deformed preprojective algebras [5]. 

Proposition 1. If T is of ¥ 1 -type, then the full subcategory of Cr,A 
given by pairs (E, V) with E vb-trivial is equivalent to the category of 
representations ofH x ([T]), the deformed preprojective algebra associ- 
ated to the component quiver [T] ofT. 

Proof. As the E± are trivial vector bundles, all fibres E p (p 6 X 8 ) can all 
be identified, say with vector space Vt, and then these spaces together 
with the linear maps E a and V a define a representation of the double 
quiver of [r]. 

Any logarithmic connection on E{ has the form 

V l (f) = df + Mz)-fdz 

for / is a section of Ei, where Aj(z) is an End (Vi) -valued function of 
z, holomorphic except for simple poles on Di. If z is a coordinate for 
Xi with oo ^ Di, then Ai(z) must have the form 

where the residues R p = Res p Vj G End(V^) are any endomorphisms, 
subject to the relation J2 p&Di R p = 0; see for example [H §1.2]. Using 
the linking of residues, this relation can be rewritten as 

/] E a V a — 2^ ^^E a = Ajlv-. 

h(a)&Xi t(a)eXi 

This is the relation at vertex i for the deformed preprojective algebra. 
The assertion follows. □ 



4. Lifting Theorem 



The following is a straightforward analogue of [21 Theorem 3.3] and 
[3J Theorem 7.1]. 
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Theorem 1. IfEisa vector bundle representation of a compact Rie- 
mann surface quiver T, then there exists a X-connection system on E 
if and only if 

deg E' + ^2 \ rank E i = 
for every direct summand E' o/E. 

Proof. We identify / G End(E) with (/,) G ieJ End(^). Since X { is 
compact, there is a trace mapping taj : End(E') — )■ C with tr(/) = tr(/ p ) 
for all p G Xj. 

A criterion of Mihai [8] for the existence of logarithmic connections, 
see [31 Theorem 7.2], implies that there is a A-connection system on 
E if and only if there are linear maps V a : E g — >■ E p for all arrows 
a : p — > q in T satisfying 



(b(E)J) 



peD ^ t(o)=p ft(o)=p ' ^ 

for all / G End(£), where (b(E), f) = £ i6J (&(3i), /*)■ 
There is an exact sequence 

-»■ End(E) -»■ End(£) -»■ Hom(£ p , £,) 

a:p— ¥q 

where the second map sends / to the tuple whose ath component is 
E a f P — f q E a . Using the trace pairing it dualizes to give an exact se- 
quence 

Rom(E q , E p ) 4 End(£)* ^ End(E)* -> 

a:p—tq 

where F sends a tuple (V a ) to the linear form sending / to 

tx((EJ p - f q E a )v}\ = E tr (( E " E ^ V «) /p) ' 

n:p->9 ^ ' pG-D ^ t(a)=p h(a)=p ' 

If we define £ G End(-E)* by 

v iG-T pG-D, 

then the condition for there to be a A-connection system can be written 
as £ G Im(F), so as £ G Ker(G), so as £(/) = for all / G End(E). 
Now if / = £>e', the projection onto a direct summand E' of E, then 

£(PeO = E ( - deg ^' " E ^rank^j , 

iGT" \ peXi J 
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so the existence of a A-connection system implies the condition in the 
statement of the Theorem. Conversely, since £(/) = for / nilpotent, 
the stated condition implies the existence of a A-connection system on 
any indecomposable direct summand of E, and by combining these one 
obtains a A-connection system on E. □ 

5. Monodromy Theorem 

Let T be a Riemann surface quiver with non-interfering arrows, and 
let A G C D , as before. We fix a subset T of C. We assume that T 
is non-resonant, by which we mean that distinct elements of T never 
differ by an integer, and we assume moreover that G T. 

We say that a A-connection system V has eigenvalues in T provided 
that E a V a has eigenvalues in T for all arrows a in T. (Since G T, 
it is equivalent that V ' a E a has eigenvalues in T.) We denote by C-f A 
the full subcategory of Cr,A given by the pairs (E, V) such that V has 
eigenvalues in T. 

For each i G I, fix a base point 6j for Xj\Dj, and for each p G D t fix a 
loop £ p G 7Ti(Xi \ Di, hi) around p. Define a G (C X ) D by o p = e^V^ 1 ^ 
for p G D. 

We denote by Rep^ 7r(r) the category whose objects are given by col- 
lections (Vi, pi, p a , P* a ) consisting of a representation pi(ni(Xi\Di, bi)) — > 
GL(Vi) for each i G /, and linear maps p a : Vi — > Vj and p* : Vj — > Vi 
for each arrow a : p — )• q in T, where i = [p] and j = [q], satisfying 

° P 1 P^vY 1 = H + P* a pa and a q pj{Q = lyj + PaP* 
and whose morphisms are the natural ones. 

Let S = {e 277 ^ 11 - 1 : t G T}. We denote by Rep^7r(r) the full 
subcategory of Rep CT 7r(r) consisting of the collections in which p a p* 
has eigenvalues in 5* for all arrows a. (Since G S, it is equivalent that 
p* a p a has eigenvalues in S.) 

Theorem 2. There is an equivalence of categories C-f \ — > Repf 7r(r). 

Note the following special cases: if T = {0}, the theorem gives an 
equivalence Cp°| — > Rep^ vr(r); if T is a transversal to Z in C such as 
{z G C : < $t,z < 1}, it gives an equivalence Cp A — > Rep CT 7r(r). Note 
also that one could specify a different set T for each arrow a in T. 

Proof. Deleting all arrows and marked points, monodromy gives an 
equivalence from the category consisting of vector bundles on X \ D 
equipped with a holomorphic connection, to the category whose ob- 
jects are a collection of representations (p^) of the fundamental groups 
Tii(Xi \ Di, bi), see for example [H Theorem 1.1]. 
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We need to check that the ways of extending the vector bundles 
and connections to give vector bundle representations and A-connection 
systems on T correspond to the ways of extending the representations 
of the fundamental groups to give objects in Repf 7r(r). 

In fact it suffices to check this locally for each arrow a : p — > q in 
T. Thus, replacing X by the union of sufficiently small disk neighbour- 
hoods of p and q, we may suppose that X is the disconnected union of 
two disks Xi UX 2 , that p and q are the centres of these disks, and that 
a : p — > q is the only arrow in T. 

Now using Lemma [2], we see that Cp A can be considered as the cat- 
egory of pairs of vector spaces E p and E q equipped with linear maps 
R P :E P ^ E p , R q : E q ^ E q , E a : E p -»■ E q , V a : E q -> E p satisfying 

R p - X p l = V a E a and R q - \ q l = -E a V a , 

and with V a E a having eigenvalues in T. 

On the other hand, £ p and £ q freely generate the fundamental groups 
of X\ \ {p} and X 2 \ {q}, so an object in Rep^ 7r(r) is given by vector 
spaces Vi, V 2 , elements pi(£ p ) G GL(Vi) and pi{£q) £ GL(T4) and linear 
maps p a '■ Vi — > V2 and p* : V2 — > V\ satisfying and 

*p 1 Pi( i p)~ 1 = 1 + PlPa and a q p 2 {i q ) = 1 + p a p* a 

and such that the eigenvalues of p a p* are in S. 

The equivalence between these categories is given by the case m = 2 
of Lemma [U sending the object given by E p , E q , R p , R q , E a , V g to the 
object with V\ = E p , V 2 = E q , p a = E a and 

L — ' n! 

n=l 

□ 

6. Cyclic quiver exponential 

Let Q m be the cyclic quiver with vertices 1, . . . ,m and arrows ai : 
m — > 1 and ai : % — 1 — > % {% — 2, . . . , m). Given a subset SCC with 
G S, we denote by Rep E Q m the category of representations of Q m in 
which the path a m . . . a\ (and hence, since G E, any path of length 
m) is represented by an endomorphism with eigenvalues in E. Let T 
be a non-resonant set with G T and let 5 = {e 27rv/3T * — 1 : t G T}. 

Lemma 1. There is an equivalence Kep T Q m — > Kep s Q m sending a 
representation ofQ m by vector spaces Vi and linear maps : V^_i — > Vi 
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to the representation with the same vector spaces, and linear maps 



j ai(a„ . . .ai) 



ni 

n=l 



and a\ = /or z 7^ 1. 



Proof. The functor F given by this construction, and which acts as 
the identity on morphisms, defines an equivalence from the category of 
nilpotent representations to itself, as an inverse is given by the analo- 
gous logarithm functor, with 

i\n-l 

-V „ /„ „ \n-l 



h = ~ — 1= a u a ™ • • • ai ) 

27tv— 1 , n 



Gh = 

n=l 

Given an endomorphism a of a vector space V, let B(a) be the rep- 
resentation of Q m in which all Vi = V, a\ = a and a« = 1 for 2 7^ 1. 
Recall that any indecomposable representation of Q m is either nilpo- 
tent or isomorphic to B(a) for some indecomposable automorphism a. 
Now if a is given by a Jordan block J n (X), then 

F(£(<t)) = B(e 2 ^° - 1) = B(J n (e 2nV=Tx - 1)). 

It follows that F induces a surjective map onto the isomorphism classes 
of Rep 5 Q m . It is a faithful functor, and also full since the non- 
resonance of T ensures that 

dimHom(F(X),F(F)) = dimHom(X,F) 

for any X, Y nilpotent or of the form B(o~). □ 

7. Logarithmic connections for a disk 

The result in this section is well known, but we state it carefully as 
the literature can be confusing. 

Let X an open unit disk in C with centre p, let D = {p}, and let E 
be a non-resonant subset of C. Let C s be the category of pairs (E, V) 
consisting of a vector bundle £ on I and a logarithmic connection 
V : E — > VL l x (\ogD) <S> E, such that the eigenvalues of Res p V are 
in E. A representation of the polynomial ring C[x] can be thought 
of as a pair (V,R) where V is a vector space and R G End(V). We 
denote by Rep s C[x] be the category of representations such that R 
has eigenvalues in S. Given (V, R), one obtains a trivial vector bundle 
E = O ®c V and a logarithmic connection V_r : E — > f2^(logD) (g) E 
defined by 

V R (f) = df + — -fdz 
z — p 
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for / a section of E. It has residue Res p Vr = R. 

Lemma 2. The functor F(V, R) = (0®V, V_r) induces an equivalence 
Rep s C[a;] ^ C s . 

Proof. By 0, Theorem 6.1], monodromy gives an equivalence M from 
C s to Rep H 71"! (X \ D), the category of representations of the funda- 
mental group of X \ D in which the loop around p is given by a matrix 
with eigenvalues in H = {e-^v-i . a g £j. 

The composition MF : Rep E C[x] Rep H Tn(X\D) sends (V, R) to 
the representation with vector space V and in which the loop around 
p is given by e _27rv/ ~ TiJ , so by properties of the matrix exponential (as 
in the case m = 1 of Lemma [1]) it is an equivalence. It follows that F 
is an equivalence. □ 



8. Multiplicative preprojective algebras 

In case the Riemann surface quiver T is compact, we show that the 
target of the monodromy functor can be identified with a category of 
representations of a multiplicative preprojective algebra [5]. 

Let Q be the quiver obtained from the component quiver [r] of V 
by adjoining gi loops t- (1 < j < g^) at each vertex i, where gi is the 
genus of Xi. Define q = (qi) G (C x ) / by qi = e 27Tv ^- Xi for i G /, and let 
A q (Q) be the corresponding multiplicative preprojective algebra. We 
denote by Rep A q (Q)' the category of representations of A q (Q) in which 
the linear maps representing the loops r/ are invertible. It can also be 
defined as the category of representations of a universal localization of 
A«(Q). 

Proposition 2. Rep (T 7r(r) is equivalent to KepA q (Q)'. 

Proof. If cii, . . . , a r are the arrows with head in Di and bi, . . . , b s are the 
arrows with tail in Di, then 7r(Xj \ Dj) can be generated by elements 
Ui, . . . , u gv i>i, . . . , v gv £x, . . . , £ r +s, subject to the relation 

where £±, . . . , l r are loops in Xi \ Di around the heads of a±, . . . , a r and 
£ r +i, ■ ■ ■ , £r+s are loops around the tails of 61, . . . , b s . 

A representation p : 7r(Xj\Dj) — > GL(T^) is determined by automor- 
phisms p(v>j), p(vj), p(£j) of Vi satisfying the same relation. Rewriting 
p(uj) and p(vj) in terms of endomorphisms Cj and e* of Vi via 



p(uj) = Cj and p(vj) = e- 1 + e*, 
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and using the equations 

°p l p^{Q~ 1 = H + P*aPa and (TqPjilq) = ly- + PaP* a , 

the relation becomes 
(1 + e 1 e\){\ + ele^ 1 • • • (1 + e 9i e* gi )(l + e^)" 1 - 

■ (1 + PaM •••(! + Pa r P* ar )(l + P^)^ •••(! + P6.P6.)" 1 = 

This is the relation at vertex i for the multiplicative preprojective alge- 
bra A q (Q), where and e* represent r/ and r/*. Observe that the the 
requirement for the multiplicative preprojective algebra that all terms 
in this product be invertible, coupled with the requirement that the rf 
be represented by invertible linear maps, corresponds to the fact that 
the generators of the fundamental group are given in the representation 
p by invertible linear maps. □ 



9. Corollaries 

We obtain the following answer to a question of Shaw 0, §5.2]. Note 
that if one works not over C, but over a base field of characteristic 2, 
then the assertion is false, see [9l Lemma 5.5.1] 

Corollary 1. If Q is a quiver of Dynkin type ADE, then A 1 (Q) is 
isomorphic to the usual preprojective algebra n(Q). 

Proof. Let T be a Riemann surface quiver of P x -type whose component 
quiver is Q. The Monodromy Theorem gives an equivalence C-f — > 
RepA l? (Q) for a suitable transversal T. 

By 0, Lemma 5.1], the simple representations for A 1 (Q) are 1- 
dimensional at a vertex. Thus they come from vector bundle represen- 
tations and 0-connection systems which consist of a single line bundle 
equipped with a holomorphic connection. Moreover the line bundles 
have degree (for example by the Lifting Theorem), so, since T is of 
P 1 -type, they are trivial. 

Now any representation of A 1 (Q) is an iterated extension of simple 
representations, so any object of Cp is an iterated extension of triv- 
ial line bundle systems. Since the trivial line bundle on P 1 has no 
self-extensions, it follows that any object of Cp" is vb-trivial. Thus 
by Proposition [T], the objects of Cp can be considered as representa- 
tions of n(Q). Now as Q is Dynkin, H(Q) is finite-dimensional and 
any representation is nilpotent. It follows that Cp is equivalent to 
RepIT(Q). 
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Thus the Monodromy Theorem gives an equivalence Rep H(Q) — > 
RepA 1 (Q). Here we have only considered finite-dimensional represen- 
tations, but A 1 (Q) is finite-dimensional by [9j 3.1.1], so this equivalence 
is a Morita equivalence. Finally, as the simple representations are 1- 
dimensional for both algebras, the algebras are isomorphic. □ 

This gives the following simple case of Hilbert's 21st problem (which 
is presumably already known). 

Corollary 2. Given ni,n2,n,3 with \jn\ + l/ri2 + 1/^3 > 1 and D = 
{a±, a 2 , 03} C P 1 , any representation p : 7Ti(P 1 \ D) — > GL n (C) sending 
loops around the a« to unipotent matrices pi with (p^ — l) ni = arises 
as the monodromy of a logarithmic connection on a trivial vector bundle 
(so a Fuchsian system). 

Proof. We may assume that p\PiP?, = 1- The representation corre- 
sponds, as in §8], to a representation of A 1 (Q) for some star-shaped 
quiver Q. The condition on ensures that Q is of Dynkin type. By 
the previous result it arises from some representation of n(Q), which 
can be interpreted as a vb-trivial object in C-f as in the previous proof. 
The connection on the trivial vector bundle at the central vertex of Q 
is the required Fuchsian system. □ 
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